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Abstract
Several questions and few answers regarding percolation on finite
graphs are presented.
The following is a note regarding the asymptotic study of percolation
on finite transitive graphs. On the one hand, the theory of percolation on
infinite graphs is rather developed, although still with many open problems
(See [9]). On the other hand random graphs were deeply studied (see [7]).
Finite transitive graphs are somewhat in the middle. Though a big part
of the picture is similar to the percolation on infinite graphs theory, some
qualitative phenomena are different and provides new challenges.
Recall that a graph G is transitive iff for every two vertices v, u ∈ G, there
is an isomorphism of G, mapping v to u. See [4] or [9] for further background
and definitions.
Given a finite graph G, delete edges from G independently, each with
probability 1− p. Denote by pG = pG1/2, the threshold probability for having
a connected component of size |G|/2. I.e.,
PpG
(
There is a connected component of size ≥ |G|/2
)
= 1/2.
Note that for transitive graphs the threshold for having a large connected
component is sharp [5]. Write pGα for the threshold probability for having a
component of size α|G|, with probability 1/2.
1
1 Giant component
A giant component theorem will be proven under a weak concentration of
measure assumption. A family of graphs Gn, |Gn| ր ∞, admits a weak
concentration of measure, if for every C > 0, and every two sets of vertices
An, Bn ⊂ Gn, |An|, |Bn| ≥ C|Gn|,
d(An, Bn) = o(diameter(Gn)).
Assume also that diameter(Gn) ≤ C log |Gn| and that K is a uniform
upper bound on the degrees of Gn.
Theorem 1.1. Let Gn is a sequence of graphs satisfying the conditions above,
then for every ǫ > 0 and 0 < C < 1,
PpGn+ǫ
(
There is a unique connected component of size ≥ C|G|
)
−→ 1,
as n goes to infinity.
Proof. It is enough to show that given any two set An, Bn ⊂ Gn, |An|, |Bn| ≥
C|Gn|, C > 0, and ǫ > 0, if we do ǫ percolation on Gn, there will be an open
path from An to Bn,with probability going to 1, with n. We will show that
there are an exponential number, in the diameter(G), edge disjoint paths of
length o(diameter(G)) connecting An to Bn. Indeed for every vertex in An
look at it’s shortest paths to Bn, as n grows for most of the vertices of An
their shortest path to Bn, has length which is o(diameter(G)), so we get a
set of paths of size bigger than |An|/2, with length much smaller than the
diameter, denoted by ln. Now for a fixed l, the number of paths of length
l, that intersects a paths of length m in Gn, is bounded by m ×K
l. Which
implies that there are more than,
|An|
2ln ×K ln
disjoint paths of length smaller than ln between An and Bn. Each path
has probability ≥ ǫln to be open, independently from the other paths. The
probability of having no open paths is bounded then by,
(1− ǫln)
|An|
2ln×Kln .
Pick n large to finish.
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The above concentration condition is clearly satisfied by expanders and
other families of graphs, but not by all transitive graphs of logarithmic di-
ameter. E.g., let G′n be the product Gn×Cdiameter(Gn), where Cn is a cycle
of length n, and Gn satisfy the above assumptions.
One would expect that concentration of measure is not necessary, but
then we assume that the graphs are transitive.
Conjecture 1.2. Assume Gn is a sequence of finite transitive graphs with
|Gn| ր ∞. Then for every ǫ > 0 and C > 0,
PpGn+ǫ
(
There is a unique connected component of size ≥ C|G|
)
−→ 1,
as n goes to infinity.
The conjecture is true for a large Euclidean torus by the Grimmett-
Marstrand theorem [6].
The following proposition (due to Oded) is of independent interest. Con-
sider percolation on a finite Cayley graph,
Proposition 1.3. Assume
Pp(v is in a connected component of size ≥ C|G|) = q.
Then for every u ∈ G,
Pp(v and u are in the same connected component) ≥ (Cq/2)
6/qC .
Proof. The expected number of vertices v is connected to, is bigger or
equal to qC|G|. Thus there are more than qC|G|/2 vertices u which are
connected to v with probability ≥ qC/2. Let S be the set of these vertices.
S is symmetric and generating, since it contains v neighbors. By FKG it is
enough to show that the diameter of the group using S as a generating set is
bounded by 6/qC. Assume a1a2.....al is a shortest word, in the generators S,
representing an element of the group. It follows that for any k and l, divisible
by 3, a1a2...akg 6= a1a2...alg
′ for any g, g′ ∈ S. Otherwise one can reduced
the length of the word. We get that l/3× |S| ≤ |G| i.e. l ≤ 6/qC.
3
2 Threshold bounds
In light of the theorem and the conjecture, (which suggests a further study in
the spirit of random graphs theory, e.g., components size and scaling around
the birth of the giant component etc. see [7]), it will be useful to have
upper bounds on pG, guaranteeing the threshold is not converging to 1. The
techniques mentioned in this section are similar to the infinite graphs case.
[2] gives a bound in terms of the length of the longest relation in the
presentation of the group. Theorem 2 in [4] can be adapted to finite graphs,
and will provide a bound in terms of the isoperimetric constant of the graph,
guaranteeing that the threshold is not converging to 1 for expanders. These
bounds together do not provide a sharp condition for boundedness away from
1. We suspect the following condition is sharp.
Conjecture 2.1. Assume that G is a transitive graph. There is a constant
C < 1, so that if
diameter(G) <
|G|
log |G|
,
then pG < C.
Maybe the classification theorem for simple groups can be useful in at-
tacking the conjecture, even just for Cayley graphs. A good start might be
Cayley graphs of Sn.
One way to prove an upper bound on the threshold for a graph G, is to
find a known percolating graph spanning a linear portion of G. Another is
to use measures on paths with exponential intersection tail (EIT ).
Say a graph G, has the EIT (c), 0 < c < 1, property iff for any two
vertices u, v ∈ G, there is a set of paths, Suv, from v to u, and a measure on
the paths so that if you pick two paths independently at random from Suv,
then the probability that the two paths will have more than k intersections
decays faster than ck.
A second moment argument (done in the infinite graph setting in [3])
implies that if G has the EIT (c) property, for some c < 1, the threshold for
giant component will be bounded away from 1.
Oriented paths on Z4, provide a family of such paths for (Z/nZ)4. ( For
(Z/nZ)3, it is harder to construct paths with exponential intersection tail,
and appears in [3].
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Conjecture 2.2. Let G be a finite transitive graph. There is 0 < c < 1,
such that if
diameter(G) < |G|1/3,
then G admits the EIT (c) property.
Adaptation of the argument in [8] gives that if diameter(G) < C log |G|,
then G admits the EIT (c) property (with c depending on C).
If conjecture 2.2 is true, it will also imply the following a bit unrelated
conjecture.
Conjecture 2.3. Let G be a finite transitive graph. There is R < ∞, such
that if
diameter(G) < |G|1/3,
then the effective electric resistance between any two vertices in G is smaller
than R.
A natural conjecture sharpening theorem 2 of [4] is as follows. Given a
graph G, let
δ(G) = sup{α||∂S| ≥ |S|α, for all S ⊂ G, |S| ≤ |G|/2}.
Conjecture 2.4. If δ(G) > δ > 0, then pG < f(δ) < 1.
3 Percolation implies giant component?
Conjecture 2.1 above is a finite analog of the still open conjecture from [4],
that the critical percolation probability is strictly smaller than 1 on infinite
Cayley graphs of groups which are not finite extension of Z. We now move
to discuss the percolation probability function.
Note that in [2] it was conjectured that there are no infinite connected
component for critical percolation on infinite transitive graphs and one expect
that the percolation probability function should be continuous, (see [11]). It
is therefore natural to conjecture that for a sequence of finite transitive graphs
Gn −→ G, then for any 0 < α1 < α2 < 1,
pGnα1 − p
Gn
α2
→ c > 0.
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I.e. the thresholds for connected component of different proportion stay
apart. In the last section we discussed bounds on pG, i.e. birth of a compo-
nent of half the size. In this section we discuss the birth of components of
linear size.
Assume the transitive graphs Gn converges weakly to the infinite graph
G and {pGn}n are bounded away from 1. Let θn(p) be the probability a
fixed vertex is in the largest component, and θ(p) be the probability a fixed
vertex in G is in an infinite cluster. As usual pc(G) is critical probability for
percolation on G.
Question 3.1. Does
θn(p) −→ θ(p)?
And in particular
lim
α→0
lim
n
pGnα = pc(G)?
For example, assume Gn has growing girth and all vertices has the same
degree, say 3, and {pGn}n are bounded away from 1. Hence Gn −→ T3, the
3-regular tree. Recall that pc(T3) = 1/2, that is the critical probability for
percolation on T3 is 1/2. We have,
Conjecture 3.2. For every p > 1/2 there is some Cp > 0, such that
Pp
(
There is a unique connected component of size Cp|Gn|
)
−→ 1,
as n −→∞.
An example that supports the conjecture is as follows, start with a cycle
of n vertices. Pick uniformly a random matching between the vertices on the
cycle. Add an edge between any matched pair. Around a typical vertex this
graph (a typical sample) looks like a regular tree for more than 1/10 logn
generations, and indeed as n grows the threshold for the existence of a giant
component goes to 1/2.
Of independent interest, we expect the largest components at the thresh-
old to be of size O(n2/3) as in the critical random graphs G(n, 1/n) and
probably in critical percolation on expanders. In particular we conjecture
that for percolation with p = (k − 1)−1 on a random k-regular graph (that’s
the threshold). The largest components is of size O(n2/3).
Another supporting example is the theorem in [1] asserting that the
threshold for a giant component on the hypercube {0, 1}d, is 1/d. Con-
jecture 3.1 is true for a large Euclidean torus by the Grimmett-Marstrand
theorem [6].
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Note that, if Bn are growing balls in a nonamenable Cayley graph G,
assuming the conjecture (from [4]) that pc(G) < pu(G), then the threshold
for connected component of linear size in Bn will converge to pu rather than
pc.
Intuitively the content of the last two conjectures is as follows: On infi-
nite transitive graph percolation means having unbounded connected com-
ponents, and uniqueness of the infinite cluster is the analog of existence of a
giant component. We doubt, whether on finite transitive graphs component
of large diameter can occur and moreover contain portion of the vertices,
without having a giant component. One informal reason we have, is that
unlike infinite graphs (e.g. regular trees) finite transitive graphs do not have
bottlenecks, unless they contain an irreducible cycle, proportional in size to
the graphs, (as in Cn×G, where Cn are growing cycles and G is a fixed finite
graph). An argument using flows (see for instance [10]) gives that the Cheeger
constant of a finite transitive graph, h(G), satisfies h(G) ≥ diameter−1(G).
Remark: (On limits of transitive graphs, by Russ and Yuval) Every weak
limit of finite transitive graphs (or even of unimodular infinite transitive
graphs) is unimodular transitive. This is from the fact that there is a uni-
modular group acting transitively on the limit graph, namely, the group of
automorphisms that arise as limits of automorphisms. This group is unimod-
ular by the criterion of Trofimov [12].
Let us end by saying that there are further directions to pursue, e.g.,
compare mixing times of random walks on the giant component to mixing
times on the graph. Maybe one should start with a further study of the
geometry of finite transitive graphs e.g., what asymptotic diameters possible
for finite transitive graphs, or cutsets structure.
Acknowledgments: Thanks to Russell Lyons, Igor Pak, Yuval Peres and
Oded Schramm for useful discussions.
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